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Abstract. We develop a theory of localization for braid group representations 
associated with objects in braided fusion categories and, more generally, to Yang- 
Baxter operators in monoidal categories. The essential problem is to determine 
when a family of braid representations can be uniformly modelled upon a tensor 
power of a fixed vector space in such a way that the braid group generators 
act "locally" . Although related to the notion of (quasi-)fiber functors for fusion 
categories, remarkably, such localizations can exist for representations associated 
with objects of non-integral dimension. We conjecture that such localizations 
exist precisely when the object in question has dimension the square-root of an 
integer and prove several key special cases of the conjecture. 



1. Introduction 

Our aim is to generalize and develop the theory of localizations for braid group 
representations building upon the groundwork laid in |RW] . In this Introduction 
we summarize the main aspects of [RW] for the reader's convenience, and then 
explain the particular achievements of the current work. We leave some relevant 
standard definitions to later sections for brevity's sake. 

The (n-strand) braid group S„ is defined as the group generated by ai, . . . , (T„_i 
satisfying: 

(1.1) aiffj = ajai, if \i — j\ > 2, 

(1.2) ai(Ti+i(ri = cTi+iO-jO-j+i. 

The following definition appears in |RW] . related to the notion of towers of 
algebras found in |GHJj : 

Definition 1.1. An indexed family of complex S„-representations {pn,Vn) is a 
sequence of braid representations if there exist injective algebra homomor- 
phisms Tn : Cp„(23„) — Cp„+i(S„+i) such that the following diagram commutes: 

CS„ -Cp„(S„) 



s- Cpn+l(Sn 



The last author is partially supported by NSA grant H98230-10-1-0215. 

1 



2 



CESAR GALINDO, SEUNG-MOON HONG, AND ERIC C. ROWELL 



where l : C!B„ — )■ C!B„_|_i is the homomorphism given by = (Tj. 

Usually the homomorphisms r„ will be clear from the context and will be sup- 
pressed. Examples of sequences of braid representations of interest include those 
obtained from specialized quotients of C(g)S„ (e.g. Temperley-Lieb algebras pT] ) 
and from objects in braided fusion categories. An important role is played by the 
basic class of examples obtained from braided vector spaces {W, R): that is, a vector 
space W and an automorphism R G End(iy^^) satisfying {\®R){R ® \){\®R) = 
{R (8) Y)(l^R){R (8> I). These sequences of !B„-representations will be denoted 

The question considered in |RW] is: when can a given unitary sequence of braid 
group representations be related to a sequence of braid group representations of 
the form VT®") in the following sense: 

Definition 1.2. Suppose (pn,K) is a sequence of braid representations. A lo- 
calization of (p„, Vn) is a braided vector space {W, R) such that for all n > 2 
there exist injective algebra homomorphisms </>„ : Cp(!B„) — )■ End(M^®") such that 

If {pn,Vn) are unitary representations and R G U(Vr®^) we say that {W,R) is a 
unitary localization. 

The sequences of braid representations studied in |RWj are constructed as fol- 
lows: Let X be an object in a braided fusion category C. The braiding c on C 
induces algebra homomorphisms ipx '■ Ende(X®") via ai — )■ I^*~^ ®cx,x ® 

j®n-i-i (^-y^^j^gj^-g -^g have suppressed the associativities for notational convenience). 
The left action of Ende(X®") on the minimal faithful module := . Home(Xi, X®") 
{Xi simple subobjects of X®") yields a sequence of braid representations {px, W^). 
A main result is the following: 

Proposition 1.3 (see |RWj Theorem 4.5). Suppose that X is a simple object in a 
braided fusion category C, the sequence {px, W^) is localizable andip\ is surjective 
(so that Home(Xj, X*®") is irreducible as a 'Bn representation for each i). Then 
FPdim(X)2 G N. 

Otherwise stated, the hypotheses imply that the fusion subcategory generated 
by X is weakly integral. 

On the other hand, the sequence of braid group representations {px,W^) as- 
sociated with an object X G Rep(if) for a finite dimensional semisimple quasi- 
triangular Hopf algebra H is easily seen to be localizable (see Prop. 14.171 for a 
stronger statement). Notice that Rep(if) is an integral fusion category in this 
case [i.e. FPdim(X) G N for all X G Rep(if)). The main conjecture in |RWj is 
the following: 

Conjecture 1.4 (cf. |RW] Conjecture 4.1). Let X ^ Q be a simple object in a 
braided fusion category. Then {px, W^) is localizable if, and only if, FPdim(X)^ G 
N. 
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A related conjecture is the following: 

Conjecture 1.5 (cf. |RSW] Conjecture 6.6). Let X be a simple object in a braided 
fusion category. Then the image of 'Bn under {px^W^) is a finite group if, and 
only if, FPdim(X)2 e N. 

The following brings these ideas full circle: 

Conjecture 1.6 (cf. |RW] Conjecture 3.1). Suppose iV^R) is a braided vector 
space such that R is unitary and finite order. Then the image of the !B„ represen- 
tation on V®'^ defined by a.-, ly "-^ ^R (g) has finite image. 

It should be noted that neither the unitarity nor finite order condition can be 
dropped. 

The following is a summary of the current work: In Section [3] we generalize 
the notion of Yang-Baxter operators in two ways, leading to quasi- and {k,m)- 
generalized braided vector spaces. We give a more flexible version of Definition 
11.11 in terms of sequences of algebras equipped with braid group representations 
(Definition 14. 5p . In Section H] we define C-localizations over arbitrary monoidal 
categories C, so that a Vec/-localization is the same as Definition 11.21 Moreover, 
when C is a monoidal category associated with a quasi-braided vector space we ob- 
tain the notion of a quasi-localization and prove that modules over quasitriangular 
quasi-B.opf algebras lead to quasi-locaAizable sequences of algebras just as modules 
over quasitriangular Hopf algebras lead to localizable sequences of algebras. As a 
by-product we obtain a criterion for the existence of a fiber functor for an integral 
braided fusion category. To continue the analogy with reconstruction-type theo- 
rems we describe weak localizations as well. A variant of localization associated 
with [k, m)-generalized braided vector spaces is also given, which, although some- 
what mysterious, is more explicit than quasi-localizations. The main result of the 
somewhat technical Section [5] is that the braid group representations associated 
with any weakly group-theoretical braided fusion category C are unitarizable, and 
if in addition C is integral a unitary (quasi-)localization exists. We also give an 
example associated with quantum SI3 at 6th roots of unity which illustrates the 
differences between the various forms of localization studied here. In Section [6] 
we state a version of the conjectures mentioned above for quasi- and generalized 
localizations and provide evidence. In particular we prove the statement analogous 
to |RWt Theorem 4.5] (see above) in these settings. 

Acknowlegements E.R. thanks D. Naidu and Z. Wang for useful comments. 

2. Preliminaries 

In this section we recall some standard notions in order to establish notation 
and conventions. Much of the material here can be found in [BKj . but we typically 
adopt the conventions of |EN01] . 
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2.1. /c-linear categories. Let k he a. field. A /c-linear category C is a category 
in which the Horn-sets are A;- vector spaces, the compositions are /c-bilinear (we do 
not assume the existence of direct sums or zero object, so C may not be additive). 
The notion of a fc-linear functor C — ?■ 2), and a /c-bilinear bifunctor C x C — )• D 
for /c-linear categories C, C, D, will be obvious. 

A A;-linear category C is said to be of locally finite dimension if Home(X, Y) 
is of finite dimension for any X,Y G C. In this paper we shall only consider 
fc-linear categories of locally finite dimension. 

2.2. C*-categories. Most of the material here can be found in |Mulj . 

Definition 2.1. A C-linear category 2) is called a complex ^-category if: 

(1) There is an involutive antilinear contravariant endofunctor * of D which is 
the identity on objects. The image of / under * will be denoted by /*. 

(2) For each / G Homi,(A:, F), /*/ = implies / = 0. 

In particular, in a complex ^-category, each HomD(X, X) is a *-algebra with iden- 
tity. A C*-category 2) is a complex ^-category such that the spaces IIomx)(X, Y) 
are Banach spaces and the norms satisfy 

ll/^?ll<ll/ll 11/711 = II/IP, 

for all / G B.om£,{X,Y), g G Homx)(y, Z). (Then the algebras Hom'D(X, X) are 
C*-algebras.) 

Remark 2.2. Every abelian complex *-category of locally finite dimension admits 
a unique structure of C*-category (see |Mult Proposition 2.1]). Since we are only 
interested in categories of locally finite dimension, for us abelian C*-category and 
abelian complex *-category are equivalent notions. 

Example 2.3. Let i? be a finite dimensional C*-algebra, then the category U- 
Rep(i?) of ^-representations on finite dimensional Hilbert spaces is an abelian 
*-category and thus admits a unique C*-structure. Note Rep(-R) is equivalent to 
U-Rep{R). 

Let X and Y be objects in a ^-category. A morphism u : X ^ Y is unitary if 
uu* = ly and u*u = Ix- A morphism a : X — > X is self-adjoint if a* = a. 

A natural transformation '-f : F ^ G, between functors F,G : Di ^ D2 with 
D2 a *-category is called unitary natural transformation if 7^ is unitary for 
each X G Di. 

Remark 2.4. Let 2) a *-category 

(1) The opposite category is a *-category with the same ^-structure. 

(2) Every isomorphism in a C*-category has a polar decomposition, i.e., if 
/ : X — y is an isomorphism, then f = ua where a : X — )■ X is self- 
adjoint and M : X — )■ y is unitary, see [HI Proposition 8]. 



GENERALIZED AND QUASI-LOCALIZATIONS 



5 



Definition 2.5. A *-functor F : T) ^ T)' between ^-categories D and D' is 
C-linear functor such tliat F{f*) = F{f)* for all / G Homa)(X,F). 

Remark 2.6. Let i? be a finite dimensional C*-algebra, then every exact endo- 
functor F : U-Rep{R) — > 'U-Rep(i?) is naturally equivalent to a functor of the 
form M ®R (?), where M GBimod(i?) is an i?-bimodule. The functor M ®_r (?) 
is a *-functor if and only if M is a unitary i?-bimodule or equivalently a unitary 
R ® R°P-modu\e. We shall denote the ^-category of unitary i?-bimodules as 11- 
Bimod(i?). 

Two ^-categories D and D' are unitarily equivalent if there exist *-functors 
F : D — 7- 2)' and G : D' ^ D and unitary natural isomorphisms Id — )■ G o F, 
Id' ^ F o G. 

Remark 2.7. (1) Every equivalence of *-category is equivalent to a unitary 
equivalence. 

(2) Every abelian ^-category is unitary equivalent to a category 0.gj-Hilb/, a 
direct sum of copies of the category of finite-dimensional Hilbert spaces. 

Given ^-categories 2)i and 'D2 we define the C-linear category Hom*(X)i, 2)2), 
where objects are *-functors F : Di — )■ D2 such that F{X) 7^ for finite iso- 
morphism classes of simple objects, and morphisms are natural transformations. 
The category Hom*(2)i, D2) has a natural structure of ^-category with ^-structure 
{a*)x = (ax)*- 

2.3. Unitary fusion categories and module categories. For us, a monoidal 
category (C, ®, a, 1, A, p) will always be /c-linear with associativity constraint av,w,z '■ 
{V <S) W) (8) Z — F (g) (W Z), unit object 1 and unit constraints A, p satisfying 
the usual (triangle and pentagon) axioms. Note that we do not assume that 1 
is a simple object. As is customary, we will assume that the unit constraints are 
identities and abuse notation by referring to "the monoidal category (C, ®, «)." 

Definition 2.8. A multi-fusion category is a monoidal, rigid, semisimple cat- 
egory with a finite number of isomorphism classes of simple objects. A fusion 
category is a multi-fusion category in which 1 is a simple object. 

A unitary (multi)-fusion category is a (multi)-fusion category (C, ®,a), 
where C is a positive ^-category, the constraints are unitary natural transforma- 
tions, and (/ (X) g)* = /* g*, for every pair of morphisms /, g in C. 

Example 2.9. (1) The category of finite dimensional Hilbert spaces Hilb/, 
with the tensor product of Hilbert spaces is a unitary fusion category. 

(2) If i? is a finite dimensional C*-algebra, then 'U-Bimod(-R) is a unitary 
multi-fusion category. 

(3) Recall that a finite dimensional (quasi) Kac algebra is a (quasi) Hopf al- 
gebra H, such that if is a C*-algebra, A and e are *-algebras morphisms. 



6 



CESAR GALINDO, SEUNG-MOON HONG, AND ERIC C. ROWELL 



and if if is a quasi-Hopf algebra the associator must satisfy $* = $ ^. In 
this case the category of unitary i7-modules is a unitary fusion category. 

A *-monoidal functor between unitary fusion categories is a monoidal functor 
[F, F^, F^) : Ci — 7- 62, such that F is a *-functor, and Fxy^ Fx unitary natural 
tr ansf ormat ions . 

Module categories over monoidal categories are defined in [01] . 

Definition 2.10. Let C be a unitary fusion category. A left C-module *- 
category is a left C-module category (M, CS, /i) such that M is a *-category, 
the constraints are unitary natural transformations, and {f®g)* = f*®g* for all 

Definition 2.11. A C-module *-functor F : M — )■ K between C-module *- 
categories M, [N, is C-module functor {F,F'^,F^), such that F is a *-functor, and 
F^, F^ are unitary natural transformations. 

Recall that a monoidal category is called strict if the associativity constraint 
is the identity. A module category (M, (g>, /u) over a strict monoidal category is 
called a strict module category if the constraint fi is the identity. Using the 
same argument as in [Gall Proposition 2.2] we may assume that every unitary 
fusion category C and every C-module *-category is strict. 

If a : F G is a module natural transformation between C-module *-functors, 
a* : G — )■ F is a C-module natural transformation. Thus the category Homg(M, 'N) 
of all C-module *-functors and C-module natural transformations has a ^-structure. 

3. Quasi- and Generalized Yang-Baxter operators 

3.1. Yang-Baxter operators. We shall recall the definition of Yang-Baxter op- 
erator on a monoidal category, see |Ks] : 

Definition 3.1. If V is an object of a monoidal category (C, ®, a) and c G Aut(F® 
V) satisfies the equation 

(3.1) avy,vic(^l)ayyy{l(^c)avy,vic(^^l) = {l(S)c)av,vyic(^l)ayyy{l(^c)av,v,v 
(where I = ly) then c is called a Yang-Baxter operator on V . 

Yang-Baxter operators define representations of the braid groups in the following 
way: define V®^ = V, V®"- = (g) V that is, all left parentheses appear left 

of the first V with the same convention for tensor products of morphisms. Define 
automorphisms Ci, . . . , c„_i of V®"" by 

(3.2) Q = (a^g(i_i)^^^^^(g) V ')(Iy®(»-i) (g)c(g)I^^' '){av®(^-i)yy<S)lv ), 
where, for example, 

av^^yy ® if = {av^yy ® ly) ® ly e Home(l^®^ ((V^®' ® (V^ ® V)) ® V^) ® V). 
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Thus, for any n the map 

CTi H- Ci 



is a group homomorphism (see \Ks\ Lemma XV.4.1]). 

Definition 3.2. A Yang-Baxter operator c on a finite dimensional vector space 
V G Vecj is called a braided vector space {V,c). A unitary braided vector 
space (CK, c) is a unitary Yang-Baxter operator c on an object "K in the category 
of finite dimensional Hilbert spaces. 

Remark 3.3. The group Aute{V®^) is linear: it has a faithful action on the vector 
space Ende(V^®"'). Pulling back via p„ we obtain a linear representation of !B„ on 
EndeiV®"-). 

In the special case of braided vector spaces (y,c) {i.e. C =Vec/) one has 
Aute(^®"') = GLiy®"') so that one obtains a linear representation of S„ on V®"'. 
Moreover, the associativity isomorphisms for Vec/ are: ayyy '■ (^i ® ^2) (8 f 3 — )■ 
vi ® (f2 ® fs) so that, with respect to the obvious compatible choices of bases, the 
Q!y®(i-i),y,\/ are all represented by the identity matrix. Thus the S„-representation 
on V®"' obtained from p„ is equivalent to a matrix representation of the form 



In particular, our definition of braided vector space is the same as that of 
i.e. a pair {V, c) where c G Aut(y ® V) satisfies (13. ip on V®^ with the a removed. 

3.2. Quasi Yang-Baxter operators. Let (D, (8>) be a monoidal category and 
y4 G 2) an object. We shall denote by {A) the monoidal subcategory of 2) generated 
by A, that is, the objects of {A) are isomorphism classes of A®^ for n > {A®^ = 

!)• 

Let a = {ax,y}x,ye(A) be a family of isomorphisms ax,Y ■ (X (g) A) ® F — )■ 
X (g> (A ® F), X, F G (A). We shall say that a is self-natural if ax,Y is natural 
in X and Y for every pair of isomorphisms constructed as a composition of tensor 
products of identities, elements and inverses of elements in a. 

If a = {ax,Y}x,Y^{A) is a self-natural family of isomorphisms we define = 
{0'Xy}x,y<^{A) a new family of self-natural on A ^ A hy the commutativity of 
pentagonal diagram: 
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(X ® A) ® (A ® Y) 

(X ® (A ® A)) ® Y ^^^^ X®{{A®A)® Y) 

Definition 3.4. Let 2) be a monoidal category and A an object in D. A quasi- 
Yang-Baxter operator on A is a pair (a, c), wliere a = {ax.y}x,ye(A) is a family 
of self-natural transformations and c : A ® A ^ A ®) A is an automorphism such 
that 





(3.4) aA,A{c ® l)a^^j^(l ®c)aA,A{c ® I) = (I ®c)a^_A(c ® 1)0.^,^(1 ®c)aA,, 
and the diagram 

2 

(3.5) (X®(A® A))®F — X® ((A® A)®r) 



(Ix ®c). 



^x,y 



Ix ®(c(g)Iy) 



(X ® (A ® A)) ® F ^ X(g){{A®A)(g) Y) 

commutes for all X, F G (A). 

If D is a C*-tensor category and A is an object, a unitary quasi- Yang-Baxter 
operator on A is a quasi- Yang-Baxter operator (a, c) such that c and ax,y are 
unitary isomorphisms for all X,Y E {A). 

Example 3.5. 

Quasi- Yang-Baxter operators generalize the notion of Yang-Baxter operators over 
monoidal categories. In fact, if {A, c) is a Yang-Baxter operator over a monoidal 
category (C, ®, a) then ax,y = ax,yi,y defines a self-natural family of isomorphisms 
such that a|^y = ax,A(S)A,Y (by the pentagonal identity), and by the naturality of 
a, the diagram 13.51 commutes, so (ax,yi,y,c) is a quasi- Yang-Baxter operator on 
A. 

Definition 3.6. A quasi-braided vector space is a quasi- Yang-Baxter operator 
over Vecj. A unitary quasi-braided vector space is a unitary quasi- Yang-Baxter 
operator in the category of finite dimensional Hilbert spaces. 
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Example 3.7. Let {H^ $, R) be a quasi-triangular quasi-Hopf algebra and V an 
if-module. Then for each pair X, F G (y) the family of isomorphisms ax,Y{{x ® 
v) ® y) = $(x ® ® y)) is self-natural and c: V®V-^V^V given by 
c{v<^v') = ®f'))2i defines a quasi-braided vector space structure on \^ e Vec/. 
(recall that {v ® w)2i = w ^ v). Observe that c is a Yang-Baxter operator on 
V G Rep (if), but cannot be a braided vector space unless the forgetful functor is 
a fiber functor. 

Let (a, c) be a quasi- Yang-Baxter operator on A G 6. We define A®^ = A, 
^ ^®{n-i) ^ ^ g^^^ automorphisms Ci, . . . , c„_i of A®" by 



(3.6) Q 



a 



-1 



5(n-i-l) 



)(i^®(i-i) (8)c (g) r 



5(n-j-l) 



)(aA®(- 



5(n-^-l)^ 



Now suppose that C is strict. We define a monoidal category {A, a, c) where 
Ohi{A,a,c) =0bj(y4) and the tensor product of objects is the same as in C. We 
define inductively self-natural families of isomorphisms y : (X ® A®") ® 1^ — > 
X (g> (y4®" ® F) by a"'^ = a and y by the commutativity of the diagram 



(X ® A®("-i)) ®{A^Y) 



((X ® yl®("-i)) ® A) ® F 



X ® (A®("-^) ® (A ® F)) 



Ix '8'%®(n-l) 




(X O (A®("-^) ^A))®Y X O ((A®("-i) ®A)®Y) 



A morphism / : A®" — )■ A®™ in (A, a, c) is a morphism in C such that the 
diagram 



(X ® A®") ® y - 

(Ix 



(X® A 



■ X ® (A®" ® Y) 
X ® {A®"" ® F) 



is commutative for any X, F G (A, a, c). 

Using the same arguments of [Davl Section 2.1], we can prove that {A, a, c) is a 
monoidal category with tensor product (8> and associativity constraint a^®m ^®n ^®s = 



a 
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Proposition 3.8. Let (a, c) be a quasi- Yang- Baxter operator on A E Q. There ex- 
ists a unique homomorphism of groups Pn '■ 23„ — )■ Aute(v4®") sending the generator 
Ui of 'Bn to Ci for each i = 1, . . . ,n — 1. 

Proof. We may assume without loss of generality that 6 is strict, since in the 
non-strict case by the coherence of 6 every object in (A) is isomorphic to A®" 
by a unique isomorphism constructed as composition and tensor products of the 
constraint isomorphisms and their inverses. By hypothesis c:A^A-^A®A 
is a Yang-Baxter operator in [A,a,c), so the proposition follows from the group 
morphisms ( 13 .Sp . □ 

3.3. Generalized Yang-Baxter Operators. In this subsection we will describe 
a second approach to generalizing Yang-Baxter operators based upon the general- 
ized Yang-Baxter equation introduced in [RZWG] . 

Definition 3.9. Let V be an object in a monoidal category (C, ®, a) and k,m E 
N with k > m. Set := ly®^ and denote by Ok^m the natural isomorphism 
Y®k Y®m _^ y®m ^ ymk coming from a. For an automorphism c G Aut{V®^) 
the (A;, m)-generalized Yang-Baxter equation ((A;, m)-gYBE) on V is 

(3.7) ak,mic^Im)<y^rn 

A solution c to the (fc, m)-gYBE is called a (/c, m)-gYB operator on V if in 
addition c satisfies the following equations for all 4 < j: 

(3.8) aj{c ® Im(j-2))aJ^{Imij-2) ® C) = (/m(j-2) ® C)aj{c (g) Im{j-2))aJ^- 

where aj = afc,m{i-2)- 

Remark 3.10. (1) To verify that a solution c to the (fc, m)-gYBE is a {k, m)- 
gYB operator it is sufficient to check eqn. (13. 8 p for j < ^ + 2 since for 
J ^ ^ + 2 eqn. the operators ci and cj act nontrivially on disjoint tensor 
factors so (13.81) is automatic. 

(2) The requirement A; > m is to avoid trivialities in what follows: see Prop. 
EH below. 

(3) A Yang-Baxter operator on in a category C is a (2, l)-gYB operator. 

(4) One may also define generalized gnasz-Yang-Baxter operators but we shall 
have no need to do so. 

Definition 3.11. A (unitary) (A;, m)-generalized braided vector space is a 

(unitary) (A;, m)-gYB operator c on a finite dimensional (Hilbert) vector space V G 
Vec/. 

As in Remark 13.31 in the case of a (A;, m)-generalized braided vector space {V, c) 
we may suppress the a in eqns. (13. 7p and (13.80 by choosing bases appropriately. 



Define operators 

(3.9) c,"'"^ = C-^®c®/, 



k,m 7-(g)i-l ^ „ ^ r®?!— i-1 

m 
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for each 1 < i < n — 1. We have the following: 

Proposition 3.12. Suppose (V, c) is a {k,m) -generalized braided vector space. 
The assignment ai — >■ c^'™" defines a group homomorphism for n > 1: 

r> £ T7' /FVfV, ■ T -tu i k,m k,m, k,m k,m k.m k,m j f ii it, i k,m 

rrooj. bqn. (13. 7p implies that c{ C2 c{ = C2 and it follows that Cj 

and Cj^7 satisfy relation (11 ■2p . For relation (11. ip it is enough to check that 
commutes with C3'"*, . . . , cj^xi which is eqn. (13. 8p . □ 

Remark 3.13. A result analogous to Prop. 13.121 for (/c, m)-gYB operators on 
objects in arbitrary monoidal categories C can be proved with essentially no change 
except to eqn. (13. 9p . 



Example 3.14. Set J 



/O l\ 

10 

10 

\i oy 



In [RZWGj it is shown that the matrix 



R= -^{^ J yields a unitary (3, 2)-generalized braided vector space (C^, K) 
(where J represents the 4x4 identity matrix). 

4. Localizations 

In this section we give some variations on the notion of localization in somewhat 
more flexible settings. Although the categories we have in mind are typically 
highly structured (abelian, semisimple etc.) and confer significant structure on 
the associated braid representations, we discard as much of these restrictions as is 
possible. 

4.1. Sequences of algebras under 

Definition 4.1. A C-category (resp. a C*-category) A shall be called diagonal 
if: 

(1) Obj(7l) = N (we shall denote by \n\ the object corresponding to the natural 
n), 

(2) for all n, m G N, m 7^ ra, Homyi([m], [ra]) = 0. 

To specify a diagonal category A it is enough to describe the algebras Endyi([n]) 
for each n. We shall denote by C3 the diagonal C-linear ^-category where 
Endcs(['^]) = C!B„ for all n G N. Observe that this is just the linearization of 
the category Braid that appears in [JSj (as a *-category). 



Definition 4.2. (1) Let A and D be diagonal categories. A morphism 3^ : 
A T> from to D is a C-hnear functor F : A T) such that 3^([n]) = [n] 
for all n G N. 
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(2) A diagonal category under CB is a pair [A, pji) wliere A is a diagonal 
category and pj{ : CB A is a. morphism of diagonal categories. 

To specify a morphism 5" : — )■ 2) of diagonal categories one need only describe 
3" : Endyi([r;,]) — )■ Endii([n]) for each n, so that a diagonal category under CB is a 
family of C- algebra representations pa '■ C!B„ — )■ Endyi([n]). 

In [TWj tensor representations F : Tang — > Vec/ of the tangle category Tang 
are defined as covariant tensor functors such that = V"*^" for some V EVeCf. 

Since CB is a subcategory of (the C-linearization of) Tang such a tensor repre- 
sentation gives rise to a diagonal category under CB. 

Notation 4.3. If [A, pa) is a diagonal category under CB, we shall denote by 
{A, Pa) the diagonal category under CB given by Endyi([n]) := pyi(C25„) C Endyi([n]), 
and we shall denote by A_^_i, the diagonal category under CB where Hom^i^^ ([n], [m]) = 
Hom^([n + 1], [m + 1]), for all n G N. 

Definition 4.4. Let ^1 be a diagonal category. A representation of A is an 
indexed family {'dn, Vn) {n > 1) of representations : Endyi([r7,]) — t- Endc(V^n)- 

If {'dn, Vn) is a representation of a diagonal category {A, pa) under CB then we 
obtain another diagonal category {'d{A),'dopji) under CB by setting End^(yt)([ra]) := 
Endc(K) and 

^{Pa{CB^)) := o pA{CBn) C Endc(K) = End^(^)([n]). 
The following is a (realization-independent) replacement of Definition 11.11 

Definition 4.5. A sequence of algebras under CB is a triple (^1, pa-, la)-, where 
{A, Pa) is a diagonal C-category under CB and la A ^ Aj^^ is a faithful mor- 
phism such that for all n € N the following diagram commutes: 

CBn ^CpAiB^) 

CBn+l CpA{Bn+l) 

A sequence of algebras under CB is called unitary if yi is a C*-category and 
the morphisms Pa and l are *-functors. 

When the maps pA and la are clear from the context we will often just write A 
for a sequence of algebras under CB. 

Remarks 4.6. (1) Clearly if [A^pai^a) is a sequence of algebras under CB 
then so is {A, Pa,i-a)- 
(2) Suppose {A,pa,i-a) is a sequence of algebras under CB and ("!?«, Ki) is a 
faithful representation of {A, pa) so that : Endyi_([?T,]) = End^(yi)([?7,]) is 
invertible for all n. Then {^{A),'d o pA,^n+i ° l-a ° ^n^) is a sequence of 
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algebras under C23. Moreover, setting Pn = i^n ° Pa '■ C!B„ — )• Endc(V^n) 
we obtain a sequence of braid representations (p„, Vn) (in the sense of 
Definition ll.ip with injective algebra homomorphisms 

satisfying x„ o p„ = p„+i o t. 
(3) A sequence of braid representations (pn, Ki) as in Definition 11.11 gives rise 
to a sequence of algebras under CS as follows: Let S = S(p„, Ki) denote 
the diagonal category with Ends([?7,]) := Endc(Kt) and define ps = Pn '■ 
CBn — Ends([n]). The injective algebra maps r„ in Definition 11.11 give us 

is = Tn : Cpni'Bn) = Ends(M) ^ Ends([n + 1]) = Cp„+i(S„+i) 

so that (S,ps,is) is a sequence of algebras under CS, which is unitary if 
and only if the !B„-representation Vn is unitary for all n. 

4.2. Key examples. Sequences of algebras under CB arise naturally in a number 
of settings. We single out some important examples for later use. 

Example 4.7. Let C be a monoidal C-linear category. Given a Yang-Baxter 
operator c on V E G, let (Y B(^v,c), P^^'^\ be the sequence of algebras under CB 
defined as follows: 

(1) EndYB,yJ[n]) = EndeiVn, 

(2) L : EndYB^v,c)iM) EndyB(^^j([n + 1]) is defined by = / (g) ly and 

(3) p^'^^ : CBn — EndyB(vc)(H) is defined by p^''^\ai) = Ci where q is as in 
eqn 

If if is a quasi-triangular (quasi-) Hopf algebra and V is any if- module then c 
is a Yang-Baxter operator on V in the monoidal category Rep(if). Thus YBi^v,c) 
has the structure of a sequence of algebras under CB. 

Example 4.8. If C is a braided fusion category with simple objects 0(C) = {1 = 
Xq, . . . , Xk-i} and X G 0(C) then the braiding c is a Yang-Baxter operator on X. 
The semisimplicity of C implies that the sequence of algebras {Y B(^x,c), P^^'^\ '-) un- 
der CB has a faithful representation: (i9„, W^) where := 0. Home(Xi, X®") 
is the minimal faithful Ende(X®")-module. This gives rise to the sequence of 
^^-representations of interest in [RWj . 

Example 4.9. Naturally CB itself has the structure of a sequence of algebra under 
CB. One may construct more sequences of algebras under CB as quotients of CB 
provided certain compatibility constraints are satisfied. For example we can define 
a sequence of algebras 7LQ{q,i) under CB from the Temperley-Lieb algebras by 
setting Endj£Q(q^£)([n]) = T Ln{q) / Ann{iii) where q = e^'^'^l^ and Ann{\X() is the an- 
nihilator of the associated (Markov) trace form on TLn{q). The maps pjcoiq/) and 
'-TCoCg/) come from the compatibility of the surjection CBn -» TLn{q) I Annitig) 
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with t : S„ — !■ !B„_|_i. The sequence of algebras 7LQ{q,i) is equivalent to the se- 
quence {YB(^x,c), P^'^''^\ obtained from the generating simple object X (analogous 
to the vector representation of 3(2) in the braided fusion category C(s[2, £). Indeed, 
Ende(,i,,^)(X®") ^ TLr,{q)/Ann{tT,). 

4.3. C-localization. 

Definition 4.10. Let ^ be a sequence of algebras under CB and C be a monoidal 
C-category. A C-localization of ^1 is a Yang-Baxter operator c on ^ G C and a 
faithful morphism (p : A—^ YB(^v,c) such that (j) o Pa = p^^'^^- 

A unitary C-localization of a unitary sequence of algebras A under CB is a C- 
localization c on ^ in a C*-tensor category C, such that c is a unitary isomorphism 
and is a *-functor. 

The sequences of algebras under CB constructed from Yang-Baxter operators 
in a category C obviously are localizable over C using the same Yang-Baxter op- 
erator. This localization shall be called the trivial localization and this kind of 
localizations are not relevant for us. 

The following result gives some non-trivial localizations for sequences of algebras 
associated to Yang-Baxter operators. 

Proposition 4.11. Let C, 2) be monoidal C-linear categories and F : C Ti a 
faithful strict monoidal functor. Then for every Yang-Baxter operator (V, a) the 
pair {F{V), F{a)) is Yang-Baxter operator and defines a Ti -localization ofYB(^v,a)- 

That Definition 14.101 is a generalization of Definition 11.21 is demonstrated in: 

Proposition 4.12. Let (p„, Ki) be a sequence of Bn-representations (in the sense 
of Definition [Tj\) and (S,ps,ts) the associated sequence of algebras under CB as 
in Remarks \4-6\ Then {pn,Vn) is localizable in sense of Definition \l.^ if and only 
if {§>, p§,L§) is Vecf -localizable. 

Proof. First suppose that the sequence of !B„-representations (p„, Vn) has localiza- 
tion (y, c) as in Definition 11.21 Then there are injective maps 

ct>n : Ends(M) = Cpn(S„) ^ End(\/®") = EndyB(,.„) ( M ) 

such that (f)n ° Ps = Prf''^^ for all G N. Thus defines a faithful morphism 
: S — YB{y^c) such that o pg = p^^'''\ i.e., a Vec/-localization of (S,ps, is)- 

Conversely, a Vec/-localization of (S, ps, Lg) is a braided vector space {y\ d) and 
a faithful morphism : S — )■ YB(^v',c') such that (j) o pg = so (pn '■ Ends = 

Cpn{Bn) — 7- Endys^^, = End(V"'®"') define a localization of (p„, Vn) in the sense 
of Definition O " □ 

This motivates the following short-hand notation: 

Definition 4.13. A Vecj-localization of A will be called a localization and a 
(unitary) iJz/6/-localization of A will be called a unitary localization. 
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If (V, c) is a localization of A we will refer to dim(\/) as the dimension of the 
localization. 

Corollary 4.14. Let [A^pj^^ij^) he a localizable sequence of algebras under CB. 
Then for any faithful representation {i)n, Vn) of A the sequence of "Bn-representations 
i'&n o Pa, Vn) is localizable in the sense of Definition \l.Sl 

□ 

We illustrate this result with the following example. 

Example 4.15. Consider the sequence (YB(^x,c), P^^''^\ constructed from an ob- 
ject in a braided fusion category C as in Example 14. 8[ The faithful representation 
{'dn, of YB(^x,c) yields a sequence of !B„-representations {'dn ° p^^''^\ W^). If 
YB(^x,c) has localization {V,R) with faithful morphism : YB(^x,c) ^ Endc(V^'^") 
satisfying (f)op^-^'^^ = p(^'^) then defining $„ = 4>o[-d^ lp(^><:)(cs„))~^ gives us the re- 
quired algebra injections (i9„op(^.^))(C3„) 5? Endc(l^®") so that (^?nOp^^'^\ VT^) 
is localizable. 

4.4. Quasi-localization. 

Definition 4.16. Let Ahea, sequence of algebras under C3. A quasi-localization 

of yi is a (V, a, c)-localization where {V, a, c) is a quasi-braided vector space. 

Again, dim(y) will be the dimension of the quasi-localization (y, a, c). 

Proposition 4.17. Let H be a quasi-triangular (resp. quasi-Kac algebra) quasi- 
Hopf algebra and V an (resp. unitary) H -module. Then the sequence of (resp. 
unitary) algebras YB{y^(.) under CS has a (resp. unitary) quasi-localization of 
dimension dim(V^). Moreover, if H is a (resp. Kac algebra) Hopf algebra, the 
sequence of (resp. unitary) algebras YB{y^c) under CB has a (resp. unitary) local- 
ization of dimension dim(y). 

Proof. Let (V, a, c) be the quasi-braided vector space defined in Example 13.71 Then 
the monoidal category (V) C Rep(if) is a full tensor subcategory of {V, a, c) so by 
Proposition 14 . 11 1 ( K a, c) is quasi-localization of YBiy^f.)- If -ff is a quasitriangular 
quasi-Kac algebra {V, a, c) is a unitary quasi-braided vector space and (V, a, c) 
is a C*-tensor category, so the same argument shows that (V, a, c) is a unitary 
quasi-localization of YB{y^c)- 

Finally, if if is a Hopf algebra (resp. Kac algebra) we can choose a trivial, so 
(V,c) is a localization (resp. unitary localization). □ 

Remark 4.18. (1) Observe that if C is an integral braided fusion category 
then there is a quasi-Hopf algebra H such that C = Rep (if) by |EN01t 
Theorem 8.33]. In general it is difficult to determine if C actually has a 
fiber functor, i.e. H can be chosen to be a (coassociative) Hopf algebra. 
Prop. 14.171 shows that if the braid group representation associated with 
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X E G does not have a localization (V, c) with dim(V^) = FPdim(X) then 
no fiber functor can exist. 
(2) Note that Prop. 14.171 holds for topological quasi-triangular quasi-Hopf al- 
gebras (see |Ks] ): we may allow the universal i?- matrix to reside in a 
completion of H^H as long as it gives rise to a quasi-braided vector space 
(y,a,c). 

In analogy with Prop. 14.121 we use the following: 

Notation 4.19. Let {pn,Vn) be a sequence of braid representations and S the 
associated sequence of algebras under CB. A quasi-localization (V, a, c) of S will 
be also called a quasi-localization of V^). 

4.5. Weak localization. In analogy with weak Hopf algebras we make the fol- 
lowing: 

Definition 4.20. Let yi be a sequence of algebras under CB. A weak local- 
ization of yi is a Bimod(-R)-localization of A where R is a finite dimensional 
semisimple C-algebra. 

Any (multi-) fusion category is equivalent to the representation category of a 
weak Hopf algebra ( |EN01t Corollary 2.22]). We have the related: 

Proposition 4.21. Let Q be a fusion category and c a Yang-Baxter operator on 
V E Q. The sequence of algebras YB(^y^c) has a weak-localization. 

Proof. By |01] every fusion category admits a faithful exact monoidal functor from 
C to Bimod(-R) for some R, so the proposition follows from Proposition 14.111 □ 

Remarks 4.22. (1) A weak localization with R a simple algebra, defines a 
localization in Vecj. In fact, since R is simple, Bimod(-R) is monoidally 
equivalent to Vec/. 

(2) If C is a fusion category, by |01] there is a bijective correspondence between 
structures of C-module categories and faithful exact monoidal functors from 
C to Bimod(-R) for R a semisimple algebra. 

4.6. Generalized localization. 

Example 4.23. Given a (/c, m)-generalized braided vector space (V,c), we define 
{gYB^v,c),P^^'^\ to be the sequence of algebras under CB defined as follows: 

(1) EndgYB,y^,i[n]) = End(^®'=+-("-2)) 

(2) L : EndgYB^yJln]) -> EndgyB,,J[n + 1]) is defined by / ^ / ® I®'" and 

(3) p^''^^ : CBn — >■ End gYBf^vc) (['A) defined by H- cf'™ where cf'"^ is given 
byeqn. (K^ . 

Definition 4.24. Let Ahe a. sequence of algebras under CB. A {k, m)-localization 

of ^ is a (/c, m)-generalized braided vector space (V, c) and a faithful morphism 
(j) '■ A—^ gYB(y^c) such that (p o pj^ = p^^'*^). 
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A unitary {k, m)-localization of a unitary sequence of algebras under CB 
is a (/c, m)-Iocalization {V,c) over tlie C*-tensor category Hilbf, such that c is a 
unitary isomorphism and is a *-functor. 

Remark 4.25. Notice that one may define {k, m)-localizations over any monoidal 
category C by modifying Example 14.231 We do not do so as we are ultimately 
interested in matrix representations of the braid groups. 

As in the case of quasi-localizations we use the following: 

Notation 4.26. Let (pn, Ki) be a sequence of braid representations and S the 
associated sequence of algebras under CB. A {k, m)-localization (V^, c) of S will be 
also called a (fc, m) -localization of (p„, Vn). 

5. Unitarity of weakly group-theoretical fusion categories 
5.1. The dual of a C-module ^-category. 

Definition 5.1. A weak C*-Hopf algebra (resp. a quasi-C*-Hopf algebra) is 

a weak Hopf algebra {H,m, A,e) (resp. a quasi-Hopf algebra m, A, e, $, S*)), 
such that H is a. finite dimensional C*-algebra and A is a *-homomorphism (resp. 
A is a *-homomorphism and $* = <l>"^). 

Remark 5.2. The uniqueness of the unit, counit and the antipode for weak Hopf 
algebras (see [BNSzl Proposition 2.10]) imply that 

r = l, e{x*)=^, {So*f = lH. 

The dual H of a weak C*-Hopf algebra is again a C*-algebra with ^-operation 
(see jBNSzt Theorem 4.5]) 

= (0,5(x)), for aW (f) e H,x e H. 

A *-representation of a weak C*-Hopf algebra if is a finite dimensional Hilbert 
space (y, (, )v) carrying a left action of H, such that {u,x-v)v = {x* ■ u, v)v for all 
u,v & V and x & H. The morphisms from (V, (, )v) to (W, (, )w) are defined to be 
the i7-module morphisms from V to W. The category so obtained will be denoted 
by U-Rep{H) , and it is a unitary (multi)-fusion category, see |BSzt Section 3]. 

Theorem 5.3. Let Q be a unitary fusion category and JA be a C-module *-category 
with M indecomposable. Then the monoidal category Endg(M) is a unitary fusion 
category monoidal equivalent to Ende(M). 

Proof. Let i? be a finite dimensional C*-algebra such that 11- Rep (i?) is unitarily 
equivalent to M. By |01t Propostion 3] the C-module structure on M defines 
an i?-fiber functor F : C — )-Bimod(-R), so by |01t Theorem 4] there is a canonical 
weak Hopf algebra H such that Rep(iJ) is monoidally equivalent to 6 and Rep (if) 
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is monoidally equivalent to Ende(M). Since M is a C- module ^-category the R- 
fiber functor is a *-monoidal functor, and if is a weak C*-Hopf algebra. The 
dual weak Hopf algebra H is again a weak C*-Hopf algebra, so Ende(M) is a 
unitary fusion category. Finally, in order to prove that Ende(M) is *-monoidally 
equivalent to Ende(M), we can use again [Oil Theorem 4] and that every H- 
module is isomorphic to a unitary if-module. □ 

5.2. Tensor products of module categories. In this section we shall define 
the tensor product of module *-categories over unitary fusion categories, following 
[EN03j . We shall denote the tensor product of C- module categories defined in loc. 
cit. by Kle. 

Definition 5.4. Let Mi and M2 be *-categories. The exterior tensor product 
is the ^-category with following objects and morphisms: 

Obj(MiMM2) = {0X,MF, : X, G Obj(Mi),y, G Obj(M2), |J| < 00}, 

Hom3^^g3^^(0X,My„0X;MF/) = 0HomM,(X„X;) ®c HomH,(r„r;), 

and *-structure (fEg)* = f*Eg*. 

Let C, T) be unitary fusion categories, so that the ^-category Q^T) has an obvi- 
ous ^-fusion category structure. By definition, a (C, D)-bimodule ^-category is a 
module category over the unitary fusion category Q^'D'^^'', where 2)'^°^ is 2) with 
reversed tensor product. 

For the following two definitions let ^ be a *-category and M, 3\f left and right 
(strict) C-module ^-categories, respectively. 

Definition 5.5. |EN03l Definition 3.1] Let F : MMK ^ yi be an exact *-functor. 
We say that F is C-balanced if there is a natural family of unitary isomorphisms 

bM,x,N ■■ F{M ® XMN) -> F{MMX ® N), 

such that 

bM,X®Y,N = bM,X,Y®N ° bM(^X,Y,N, 

for all M G M, G X, F G C. 

Definition 5.6. |EN03l Definition 3.3] A tensor product of a right C-module *- 
category M and a left C-module ^-category K is a ^-category MKle^Sf together with 
a C-balanced *-functor 

inducing, for every ^-category A, an equivalence between the category of C-balanced 
*-functors from MKIIN" to A and the category of *-functors from MKlglN" to A: 

Hom^„; (MMK, A) ^ Hom* (MMeK, A) . 
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Remark 5.7. (1) The existence of the tensor product for module categories 
over *-fusion categories can be proved using the same ideas in |EN03j . 
semisimple category, see |EN03] . 

Given a right C-module *-functor F : M — t- M' and a left C-module *-functor 
G : X ^ X' note that Bm',w{FEG) : MMK M'MeN' is a C-balanced *- 
functor. Thus the universality of B implies the existence of a unique right *-functor 
FMqG := Bm',w{F'^G) making the diagram 



commutative. The bihomomorphism Klg is functorial in module *-functors, i.e., 
{F'EeE'){FEeE) = F'FMqE'E. 

Remarks 5.8. (1) If M is a (C, £)-bimodule ^-category and !N is an (£,D)- 
bimodule *-category, then MKlgK is a (C, 2))-bimodule *-category and 
Bj^ ji is a (C, D)-bimodule *-functor, see [Grt Proposition 3.13]. 

(2) Let M be a (C, D)-bimodule ^-category. The C-module action on M defines 
a C-balanced *-functor. Let : CKlgM — )■ M denote the unique *-functor 
factoring through -Be,M- As in |Grt Proposition 3.15] we can prove that r.M 
is a (C, !D)-module ^-category equivalence. 

(3) Let M be a right C-module *-category, ?sf a (C, D)-bimodule ^-category, 
and X a left D-module *-category. Then as in |Gr[ Proposition 3.15], there 
is a canonical equivalence (MMeK)MDDC = MMQ{ym.r,X) of bimodule *- 
categories. Hence the notation MKIcKKIdX will yield no ambiguity. 

5.3. Crossed product tensor categories. We briefly recall group actions on 
tensor categories. For more details the reader is referred to |DGNO] . 

Let C be a tensor category and let Aut0(C) be the monoidal category of monoidal 
auto-equivalences of C, arrows are tensor natural isomorphisms and tensor product 
the composition of monoidal functors. 

For any group G we shall denote by G_ the monoidal category where objects are 
elements of G and tensor product is given by the product of G. An action of the 
group G on C, is a monoidal functor F : G ^ Aut0(C). In other words, for any 
a E G there is a monoidal functor (Fo-, Co-) : C — )■ C, and for any a,r E G, there 
are natural monoidal isomorphisms jcr^r '■ F^j o Fr ^ F^jr- 

Given an action F : G ^ Aut,g,(C) of G on C, the G-crossed product tensor 
category, denoted by C xi G, is defined as follows. As an abelian category C x G = 
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©o-eG ^cT' "where Co- = C as an abelian category, the tensor product is 

[X,a] ® [F,r] := [X®F<,(F),ar], X, F G C, a,reG, 

and the unit object is [l,e]. See |Tamj or |Ga3j for the associativity constraint 
and a proof of the pentagon identity. 

Lemma 5.9. Let Q be a unitary fusion category and G a finite group acting on C. 
Then QxiG is a unitary fusion category if and only if the G-action on C is unitary, 
i.e., are monoidal *-functors and 70-,- are unitary natural isomorphisms for all 
a,T ^ G. If Q y\ G is a unitary fusion category Q is a Q Yi G-module *-category. 

Proof. Straightforward. □ 

5.4. Clifford theory for G-graded fusion categories. Let G be a group and 
C be a tensor category. We shall say that C is G-graded if there is a decomposition 

of C into a direct sum of full abelian subcategories, such that for all a,T E G, the 
bifunctor ^ maps Co- x C^- to Car- Given a G-graded tensor category C, and a 
subgroup if C G, we shall denote by Gh the tensor subcategory 0^^^;^ Gh- 

Definition 5.10. Let C be a G-graded fusion category. If (M, cg>) is a Cg-module 
category, then a C-extension of M is a C-module category (M, ©) such that 
(M, (8)) is obtained by restriction to Cg- 

Proposition 5.11. Let C be a unitary fusion category graded by a group G and 
(M, (g)) an indecomposable Qe-i^odule *-category. Then each G-extension (M, ©) 
is a C-module *-category. 

Proof. Let (M, ©) b_^a C-extension of (M,©). If M = CMe.M, then by [HaSl 
Theorem 1.3] Ende(M) is a unitary fusion category *-monoidally equivalent to a 
G-semidirect product unitary fusion category Ende^(M) xi G and the C-extension 
(M, 0) is completely determined by the Ende^(M) x G-module category Ende^(M). 
By Lemma 15.91 Endg^(M) is a Endg^(M) x G-module ^-category, thus the C- 
extension is a C-module ^-category. □ 

The following is a simplified version of Clifford theorem for unitary fusion cat- 
egory, see |Ga2j . 

Theorem 5.12. Let G be a G-graded *-fusion category, M an indecomposable 
G-module *-category and K an indecomposable Ge-submodule *-subcategory o/M. 
Then there is a subgroup S d G and a Gs-extension (N, 0) ofN, such that M = 
CKlegK as G-module *-categories. 



Proof. It follows from |Ga2t Corollary 4.4] and Proposition 15.111 



□ 



GENERALIZED AND QUASI-LOCALIZATIONS 21 
5.5. Completely unitary fusion categories. 

Definition 5.13. Let C be a fusion category. We shall say that 6 is completely 
unitary if the following properties are satisfied: 

(1) C is monoidally equivalent to a unique (up to *-monoidal equivalences) 
unitary fusion category (we shall denote this unitary fusion category again 
bye). 

(2) Every C-module category is equivalent to a unique (up to C-module *- 
functor equivalences) C-module ^-category. 

(3) Every C-module functor equivalence between C-module ^-categories is equiv- 
alent to a unique (up to unitary C-module natural isomorphisms) C-module 
*-functor equivalence. 

Remark 5.14. Let U{1) = {z & C : \z\ = 1} and G be a finite group. By the 
universal coefiicient theorem jRotl Theorem 10.22] i7"(G,?7(l)) = m{G,C*) for 
all n > 0, i.e., every n-cocycle with coefiicients on C* is equivalent to a some 
n-cocycle with coefiicients on U{1). 

Proposition 5.15. Every pointed fusion category is a completely unitary fusion 
category. 

Proof. It follows from Remark 15.141 and the classification of module categories over 
pointed fusion categories, |02] . □ 

In |ENQ3] they show that a graded fusion category C = ^^^qG^ determines 
and it is determined by the following data: 

(1) a fusion category Ce, a collection of invertible Cg-bimodule categories C^, cr e 
G, 

(2) a collection of Ce-bimodule isomorphisms M^-^t- : Co- Kle^ C^ — > Cq-t, 

(3) natural isomorphisms of Ce-bimodule functors 

«.,r,p : M,,,p(lde, Ke. M,,^) ^ M^^^p{M^^^ Ke. We J 
satisfying the identity 

(5.1) M,,,pfc(L ^e.a^,p,k) o aa,rp,fc(Ide. ^e. M,,^ ^e. WeJ 

(Ide^ Ide^ ^p,k) ° ciuT,p,k{Ma,T Idcp Kle^ We^), 

for all 0", T, p,k G G, where we use the notation Id for the identity functor, and I 
for the identity morphism. 

Remark 5.16. If C is a G-graded fusion category where Ce is a unitary fusion 
category, then C is a unitary fusion category with Ce as unitary fusion subcategory 
if and only if C^ are Ce-bimodule *-category, M^^t are Ce-bimodules *-functors, and 
unitary isomorphism. 
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Theorem 5.17. If Q is a G- graded fusion category such that Cg a'^d CgKICg*^^ are 
completely unitary then G and CKIC'^*' are completely unitary. 

Proof. First we shall show that C is monoidally equivalent to a unique unitary 
fusion category. Since Qe^Ql^^ is completely unitary for each a G G, the Cg- 
bimodule category is equivalent to a unique Cg-bimodule *-category Co-. The 
bifunctor : Co- x C,- — Cor and the complete unitarity of CgKICg^'' define for each 
pair a,T E G a, unique Cg-bimodule *-functor Mo,,- : CoKle<.Cr — Cor, such that 

as Ce-module functors. Now, using the polar decomposition (see Remark 12. 4p and 
the associativity constraint of C, there are unitary isomorphisms of Cg-module 
*-functors 

ao,r,p : Mf^ghilde^Me^Mg^h) ^ Mfg^hiMf^gMeJdeJ, 
for all (J,T, p G G, such that the equation (15.11) holds. The new G-graded fusion 
category is equivalent to C and it is a unitary fusion category. 

Thus we may assume that C is a unitary fusion category. Let M be an inde- 
composable C-module category, then by the complete unitarity of Cg and Theorem 
I5.12[ M is equivalent to a C-module *-category. Moreover, if M and !N are C- 
module ^-categories equivalent as C-module categories, by |Ga2t Proposition 4.6], 
Remark 15.141 and |Ga2t Theorem 1.3], M and ?sf are equivalent as C-module *- 
categories and every C-module equivalence is equivalent to a C-module *-functor 
equivalence. 

Finally, note that CKIC'''" is a GxC^^-graded fusion category where (CKlC'''"')(g,g) = 
Cg Kl Ql'^'". Thus by the second part of this proof CKIC^'^'' is completely unitary. □ 

5.5.1. Weakly group-theoretical fusion categories are completely unitary. Let C be 
an arbitrary fusion category. The adjoint category Gad is the smallest fusion sub- 
category of C containing all objects X ^X*, where X G C is simple. There exists a 
unique faithful grading of C for which Cg = Gad (see [GeNik] ). It is called the uni- 
versal grading of C. The corresponding group is called the universal grading group 
of C, and denoted by U(C). All faithful gradings of C are induced by the universal 
grading, in the sense that for any faithful grading U(C) canonically projects onto 
the grading group G, and Cg contains Cad. 

Let C be a fusion category. Let C(°) = C, C^^) = Gad and C^") = (C("-^))ad for 
every integer n > 1. The non-increasing sequence of fusion subcategories of C 

e = c(°^ D c^^^ ^ ■ ■ ■ ^ c^") D ■ • • 

is called the upper central series of C. 

Definition 5.18. |GeNik] A fusion category C is called nilpotent if its upper 
central series converges to Vecj; i.e., C*-"-* = Vecj for some n. The smallest number 
n for which this happens is called the nilpotency class of C. 
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Definition 5.19. |EN()2] A fusion cate gory C is called weakly group-theoretical 

if it is Morita equivalent to a nilpotent fusion category. 

Theorem 5.20. Every weakly group theoretical fusion category is a completely 
unitary fusion category. 

Proof. By Theorem 15.31 we only need to prove that every nilpotent fusion category 
is completely unitary. 

Let 6 be a nilpotent fusion category. We shall use induction on the nilpotency 
class of 6. If the nipotency class is one, then C is a pointed fusion category, 
so by Proposition 15.151 C and CKIC'^'' are completely unitary fusion categories. 
Now, let C be a nilpotent fusion category of nilpotency class n, so Gad = Q^^^ has 
n — 1 nilpotency class and by hypothesis of induction Qad and Gad^i^ady^^ are 
completely unitary, thus by Theorem 15. 171 C = 6*-°^ is a completely unitary fusion 
category. □ 

A (weak or quasi)-Hopf algebra is called weakly group-theoretical if Rep (if) is 
a weakly group-theoretical fusion category. 

Corollary 5.21. Every weakly group-theoretical (quasi)-Hopf algebra is isomor- 
phic to a (quasi)-Kac algebra. 

Proof. Let H he a, weakly group-theoretical Hopf algebra. By Theorem 15.201 the 
fusion category Rep(if) is equivalent to a unitary fusion category C, and the 
forgetful functor defines a C- module structure over Vec/, so again by the complete 
unitarity of C the fiber functor is equivalent to a unique exact *-monoidal functor. 
By Tannaka- reconstruction theory for compact quantum groups (see |Wo] ) . the 
Hopf algebra H associated to a *-monoidal fiber functor is isomorphic to a finite 
dimensional C*-Hopf algebra, i.e., a Kac algebra. 

Now suppose that if is a weakly group-theoretical quasi-Hopf algebra. Then 
Rep(ii) is equivalent to a unique unitary fusion category C. By |Mull Proposition 
2.1] every unitary fusion category is a C*-tensor category, so for every pair of 
objects X,Y, Hom(X, F) is a Hilbert space and {fg,h) = {g,f*h), {fg,h) = 
(/, kg*) for all morphisms in C. 

Let i? G C be the regular object, then F{X) = Hom(i2, X) defines a *-functor 
F : C — >-Hilb/. For every pair of simple objects Xi,Xj G C there is a unitary 
isomorphism Jij : F{Xi) (g)c F{Xj) — )• F(Xj (g) Xj), that defines a quasi-fiber 
functor preserving the ^-structure with unitary constraint. Then by a standard 
reconstruction argument the algebra Endc(i^) of functorial endo morphisms of F 
has a natural structure of quasi-Kac algebra, such that lX-Rep(Endc(i^)) = C as 
unitary fusion categories. □ 

Remarks 5.22. (1) An analogous result to Corollary 15.211 is true for weakly 
group-theoretical weak Hopf algebras. 
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(2) In the survey article [S], the following Question 7.8 is raised. Given a 
semisimple Hopf algebra if, does it admit a compact involution? Corollary 
15.2 II gives an affirmative answer for weakly group theoretical Hopf algebras. 

It is not known (see |EN02] Question 2) if there exist weakly integral fusion 
categories that are not weakly group-theoretical. Theorem 15.201 inspires the fol- 
lowing question: Is every weakly integral fusion category completely unitary or 
unitary? 

Remarks 5.23. (1) The answer is "no" without the weak integrality condi- 
tion. In fact, every unitary fusion category is pseudo-unitary, (see [ENOlt 
Section 8.4]) but for example the Yang-Lee category is a non- integral and 
non pseudo-unitary fusion category. Indeed unitarity can fail in very dra- 
matic ways, see |Rlj . 
(2) The question can be reduced to integral fusion categories. By |EN01t 
Proposition 8.27] and |GeNik] for every weakly integral fusion category C 
there is G-grading such that Ce is an integral fusion category, so by Theorem 
I5.17[ C is completely unitary if and only if Cg is completely unitary. 

If C is a unitary fusion category, the unitary center Z*{G) is defined as the 
full fusion subcategory of the usual center Z(C), where {X, cx-) G 2,*(C) if cx,w '■ 
X ^ W ^ X are unitary natural transformations for all W ^ G. It is easy to 
see that 2.*(C) is a unitary fusion category. The following result appears in |Mu2t 
Theorem 6.4] we provide an alternate proof using our notation. 

Proposition 5.24. Let G be a unitary fusion category. Then 2.* (6) is braided 
monoidally equivalent to Z{Q). 

Proof. Let CKIC^'^*' be the external tensor product with the obvious structure of 
*-fusion category, see Definition 15. 4[ The *-category C is a CKlC'^'^-module *- 
category. By |02t Proposition 2.2] the center is equivalent to Endgggrei,(C) and it 
is easy to see that unitary center is *-monoidally equivalent to Endg^g^ei, (C), so 
by Theorem 15.31 they are monoidally equivalent. □ 

Corollary 5.25. Let Q be a weakly group-theoretical braided fusion category. Then 
for every object X e C, the "Bn-representation on Ende{X^^) is unitarizable. 
Moreover, if FPdim(X) G N then the sequence YB(^x,c) of algebras under CB has 
a unitary quasi- localization of dimension FPdim(X), and if Q has a fiber functor 
then YB(^x,c) has a unitary localization of dimension FPdim(X). 

Proof. We shall prove that every braided weakly group-theoretical fusion category 
is braided equivalent to a unitary braided fusion category. 

The fusion category C is weakly group-theoretical so it is a completely unitary 
fusion category. Since 6 is braided, we have a canonical injective braided monoidal 
functor F : C — 2.(6), but by Proposition I5.24[ Z{G) is braided equivalent to 
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the unitary center Z*{Q), so C is braided equivalent to a unitary braided fusion 
category, i.e., the braiding maps are unitary. 

The others parts of the corollary follow from Proposition 14.171 and Corollary 

ion □ 



5.6. C(s[3,6): A case study. In this subsection we investigate a particular se- 
quence of braid group representations that does not appear to have a localization, 
but does have both quasi- and {k, m)-localizations. This illustrates the criterion 
mentioned in Remark 14. 181 and justifies the notion of (fc, m)-localizations. 

The integral unitary modular category C(s[3, 6) has 10 simple objects and FP- 
dimension 36. It was shown in |NR] that C(s[3,6) is non-group-theoretical and 
in fact has minimal dimension among non-group-theoretical integral modular cat- 
egories. The integrality of C(5[3,6) implies that there is a semisimple, finite di- 
mensional quasi-triangular quasi-Hopf algebra A such that Rep(/1) = C(s[3, 6) as 
braided fusion categories. The simple object X analogous to the vector representa- 
tion of ^[3 has FPdim(X) = 2 and tensor-generates G^sls, 6). By Jimbo's quantum 
Schur-Weyl duality ([Ji]), the unitary sequence of S„ representations {px, W^) is 
equivalent to the Jones-Wenzl representations factoring over the semisimple quo- 
tients IK„(3,6) of the Hecke-algebras ^K„(g) with q = e^"*/^ (see |R3] ). Exphcitly, 
one has an isomorphism End(X®"') = [K„(3,6) which intertwines the !B„ repre- 
sentations, and End(X®") is generated by the image of the braid group. The 
eigenvalues of px{<^i) are —1 and e^'^*/^ in this case. 

Moreover, {px^ ^n ) ^ 2-dimensional unitary quasi- localization by Corollary 
15.251 However, to explicitly determine the quasi-braided vector space (V, a, c) 
would require solving the pentagon and hexagon equations, a notoriously difficult 
task. The task would be significantly easier if C(sl3, 6) were equivalent to Rep(if) 
for some (strictly coassociative) Hopf algebra H since then one may assume a is 
trivial, i.e. {px,W^) would have a 2-dimensional localization. This is not the 
case: 

Lemma 5.26. There is no unitary braided vector space of the form (y,c) with 
dim(V^) = 2 localizing {px,W^) (in the sense of Definition \1.2\) . 

Proof. Dye [Dj, Theorem 4.1] has classified all 4 x 4 unitary solutions to the Yang- 
Baxter equation. Up to multiplying by a scalar and conjugation by matrices of 
the form Q ® Q the solutions are of 4 forms. To see that none of these can 
localize {px^W^) one need only check that the eigenvalues are not of the form 
{-X, xe^"''^} with X e C. This is accomplished in [FRWl lF]. □ 

Applying our results we obtain the following: 

Theorem 5.27. Any semisimple quasi-Hopf algebra A with C(sl3, 6) = Rep(y4) is 
non-coassociative. 
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Proof. Since FPdim(e(s[3, 6)) = 36 = 2^32, by [EN 021 Theorem 1.6] e{sh,Q) is 
solvable and hence weakly group-theoretical. Thus by Corollary 15.251 if C(sl3, 6) 
admits a fiber functor {px,W^) admits a unitary localization of dimension two 
and this contradicts Lemma 15.261 □ 

Set ( = e^'^^l'^ and consider the 8x8 unitary block- diagonal matrix: 



(5.2) R = 



g-7ri/3 









\ 




/ 
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V2 
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\^ 











v 
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/ 



Then (C^,-R) is a (3, l)-generalized braided vector space. In fact, we have the 
following: 

Theorem 5.28. (C^,i?) with R as in 1(5. S\) gives a (3,1) -localization of the se- 
quence of braid group representations {px, W^). 

Proof. By the discussion above we may replace {px,W,^) by the Jones- Wenzl 
representation (tt^, Vn) associated with the semisimple quotient CKn(3, 6) of the 
specialized Hecke algebra CK„(g) with q = e^'^*/^ (see |Wlj ). Here the quotient is 
by the annihilator of the trace tr on !K„(g) uniquely determined by 

(1) tr{l) = 1 

(2) tr{ab) = tr{ha) 

(3) tr{hen) = tr{h)ri where h G CK„_i(g), 

where are the generators of CK„(g) and rj = ^j^;^- 

Thus it is enough to show that the S„-representation afforded by R in (15.21) 
factors over [K„(3, 6) and induces a faithful representation. Direct calculation 
shows that the pR{ai) indeed satisfy the defining relations of Kn{q) for q = e^'^*/^. 
Defining Tr on End(C^'^'^'''^) (here k + m(n — 2) = n -|- 1) as times the usual 
trace, one concludes that pJ(^{Tr){a) := Tr{pR{a) coincides with tr by checking 
that it satisfies the relations above using standard techniques (see eg. |R3t proof 
of Lemma 3.1]). In particular we see that the kernel of pr (restricted to CKn(g)) 
lies in the annihilator of the trace tr so that pR factors over the quotient ^K„(3, 6). 
Faithfulness of the induced representation follows from a dimension count or by 
observing that Tr is faithful on End((C^)'^"). 

□ 

Remarks 5.29. (1) The matrix R above was derived from unpublished notes 
of Goldschmidt and Jones describing a sequence of quaternionic represen- 
tations of Indeed, let i and j denote the usual generators of EI the 
quaternionic division algebra. Define 

r = -e~"/^/2(l + 1® + [i]) ®l+ 



GENERALIZED AND QUASI-LOCALIZATIONS 



27 



as an element of EI'^'^. Applying the faithful 2- dimensional representation 
of EI to r yields the matrix R in fl5.2p . 

(2) The category Q{sls, 6) is a subquotient oiRep{UqSls) with q = e^^^^ with the 
2-dimensional simple object X corresponding to the 3-dimensional vector 
representation V of UqSls. As such, there is a 9 x 9 matrix solution R 
to the Yang-Baxter equation that associated to V (due to Jimbo [Ji]). 
However, R is not unitary and the braid group representations it affords 
has subrepresentations that are not subrepresentations of {px, W^). 

(3) The results of [FKWj imply that the representation spaces can be 
uniformly embedded in a "local" Hilbert space but the braid group only 
acts on a small subspace. This issue was the main motivation for [RWj . 

6. Conjectures and General Results 

We have the following version of [RWl Conjecture 4.1]: 

Conjecture 6.1. Let X be a simple object in a fusion category Q with {X,c) a 
Yang-Baxter operator. Then the following are equivalent: 

(a) The sequence of algebras {YB(^x,c), P^^'^'K l-) under CB has a (unitary) gen- 
eralized localization 

(b) The sequence of algebras {Y B(^x,c)i P^^'^\ under CB has a (unitary) quasi- 
localization 

(c) FPdim(X)2 e N 

(d) p^^'^^Bn) is a finite group for all n. 

Remarks 6.2. (1) Corollary 15.251 shows that if C is weakly group-theoretical 
and FPdim(X) G N then (b) above holds. It is not known if there 
are any integral (or even weakly integral) fusion categories that are not 
weakly group-theoretical. If indeed C integral implies C weakly group- 
theoretical then FPdim(X) G N implies (b), giving a slightly weaker ver- 
sion of (c)^(b). For this reason we parenthesize the word unitary as it 
is not unreasonable to expect that the conjecture is true with or without 
unitarity. 

(2) Conjecture 4.1 of [RW] is only concerned with simple objects in braided 
fusion categories for which the sequence of representations (p„,PVjf) is 
(unitarily) localizable. We are not aware of any counterexample to this 
more restrictive conjecture, but if the example discussed in Subsection l5.6l is 
such a counterexample then Conjecture 16. II is an appropriate replacement. 

(3) If C is group theoretical (and hence integral) it is known [ERW] that (d) 
holds for any object X e G (for example if C = Rep(D'^G), where D'^G 
is the twisted double of a finite group G). Integrality of C and Prop. 
14.171 imply that (b) and (c) also hold. The equivalence (c)<;=>(d) has been 
considered elsewhere, see [111 [H [GJl iFLWl imvl EH EH EEj . 
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The following version of |RWi Theorem 4.5] verifies part of Conjecture ED under 
an additional hypothesis: 

Theorem 6.3. Let X be a simple object in a fusion category G with c a Yang- 
Baxter operator on X such that 

(a) YB{^x,c) = yB(x,c) (i-S-- the image of "Bn generates End(X'^") as an alge- 
bra), and 

(b) the sequence of algebras {Y B(^x,c), P^^'^\ t-) under CB has either a general- 
ized or quasi- localization 

then FPdim(X)2 e N. 

Proof. By passing to fusion subcategories, we may assume X is a tensor generator 

for e. 

For quasi-localization Corollary 14.141 implies that the same proof as in |RW[ 
Theorem 4.5] goes through without change as quasi-localizability implies the same 
combinatorial consequences as localizability. 

For the case of generalized localization we adapt the proof in jRWl Theorem 4.5]. 
Suppose (H^, 7) is a (fc, m)-localization of {YB(^x,c), P^^'^\ t-) with injective mor- 
phism : YB(^x,c) ^ gYB^w,'y)- Observe that EndgYB^^^^-, = Endc(W^®''+"'(""^^) 
and set w = dim{W). Fix an ordering Xq = l,Xi, . . . ,Xj^_i of the simple ob- 
jects and define = Hom(Xi,X®'^) for each i with Hom(Xi,X®'") ^ 0. By (a), 
the -ff" form a complete set of simple p*^"^'*^^ (C!B„)-modules. Let Nx denote the 
fusion matrix of X, i.e. such that {Nx)i,j = dimHom(Xj,X ® X.j). Let / G N 
be minimal with the property that for alH = 0, . . . , X — 1 there exists an s < / 
such that 7^ (/ exists by [DGNOt Lemma F.2]). Now let p > 1 be minimal 
such that Hq 7^ so that Nx is an irreducible matrix of period p. Denote by Gn 
the inclusion matrix for the algebras End(X®") C End(X®"'^^), i.e. the matrix 
of multiplicities obtained by restricting the H"^^^ to End(X'^") and decomposing 
into a direct sum of H^. Semisimplicity of End(X®"^) and the injectivity of 
imply that H/®fc+™("-2) ^ 0./i^i7f as End(X®")-modules for some /x^ > 0. De- 
fine a vector of multiplicities (a„)j := /x". The commutativity of the diagram in 
Definition 14.51 and the injectivity of imply: 

(6.1) w"'a„ = G„a„+i 

for all n > I. 

The (square!) inclusion matrices G^'^ = U^^lGi+i+j of End(X®'+^) C End(X®'+*+?') 
are primitive (as Nx is irreducible of period p) and hence the Perron- Frobenius 
eigenvalue of each G*^') is simple. We will first show that a; is a Perron- Frobenius 
eigenvector for G := G^^K Eqn. (16. ip implies that 



{w'^r^i = G^i+p- 
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For simplicity, let us define cto := a;, a„ := Sii+pn and M = (w™)^. In this notation, 
the above equation implies 

for all n > 0. Let A denote the Perron-Frobenius eigenvalue of G and let v and w 
be positive right and left eigenvectors such that wv = 1 and lims^oo(x^)'^ — 
We can rewrite the above equation as follows: 



By taking a limit on the right-hand-side and then applying the property of the 
eigenvectors v and w we have: 

A" /A"wa„\ 

n^oo iVl n— >oo \ M I 

The limit exists and thus = a; is an eigenvector for G as a non-zero multiple of v. 
Similarly, each aj is also a Perron-Frobenius eigenvector for G. The integrality of G 
and cto implies that A is rational and, moreover, the eigenvalues of G are algebraic 
integers, thus A is a (rational) integer. The same argument shows that each a/4.j is a 
Perron-Frobenius eigenvector for G^"^^ . Now we will show that FPdim(X)^ G N. As 
Nx is irreducible with period p we may reorder the simple objects Xq, . . . , X^r-i 
so that {NxY is block diagonal with primitive blocks G*-*^ Let us denote the 
Perron-Frobenius eigenvalue of Nx by A. Then by the Frobenius-Perron theorem 
each G^^^ has as its Perron-Frobenius eigenvalue which is a (rational) integer 
by the above arguments. But A must reside in an abelian (cyclotomic) extension 
of Q and this implies that A* G Z, for some s < 2. □ 
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